Fermion dynamics distinguishes spacetimes having the same metric gµν , but different tetrads eµa, and in particular, it distinguishes a lapse with negative sign, N < 0.
I. INTRODUCTION

Tolman's law
2 (see e.g. the latest paper on the topic in Ref. 3) states that in a static gravitational field (which can be described by the time-independent metric with the shift function N i = 0), the locally measured coordinatedependent temperature T (r) obeys:
where T 0 is spatially constant in thermal equilibrium, and N is the lapse function with g 00 (r) = N 2 (r). In the ADM parametrization with N i = 0, one has g µν dx µ dx ν = N 2 dt 2 − g ik dx i dx k . In the effective gravity emerging for quasirelativistic quasiparticles in superfluids, 4 T 0 is the conventional temperature of the liquid as measured by external observer. It is constant in space in thermal equilibrium. The local temperature T (r) is measured by the local "internal observer", who uses quasiparticles for measurements. The Tolman law in superfluids is related to the Doppler shift in the same way as the gravitational red shift in general relativity.
Fermions interact with gravity via the tetrads instead of the metric, g µν = η ab e aµ e bν . In terms of tetrads, one has N 2 = g 00 = (e 00 ) 2 = (e 0 0 ) −2 . The general Lorentz transformations acting on fermions include two discrete operations: the reversal of time, and parity transformation. Under time reversal we have T e 00 = −e 00 and T det(e) = −det(e), and under parity transformation -P e 00 = e 00 and P det(e) = −det(e). Correspondingly, the fermionic vacuum has the four-fold degeneracy.
In condensed matter the analog of parity transformation takes place in a topological Lifshitz transition, when the chiral vacuum with Weyl nodes in the polar distorted superfluid 3 He-A 5,6 crosses the vacuum state of the polar phase with a degenerate fermionic tetrad, det(e) = 0.
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In this transition from "spacetime" to "antispacetime", the chirality of Weyl fermions changes: the left-handed fermions living in the spacetime transform to the righthanded fermions in "antispacetime". This transition experiences the nonanalytic behavior of the action at the crossing point. Here we discuss the similar transition from "spacetime to antispacetime" by the time reversal and show that this transition may have analytical properties suggested in Refs. 8-10.
II. NEGATIVE LAPSE FUNCTION AND NEGATIVE TEMPERATURE
Let us assume that the lapse function N (r) is the analytical function of the tetrad field. Then instead of
For negative e 00 (r) (but still positive g 00 (r)), the local temperature T (r) of fermions becomes negative. In Ref.
1, e 00 (t) crosses zero as function of time, and for fermions this corresponds to time reversal operation T. We consider the case when e 00 (r) crosses zero in space and becomes negative in some island of space, see Fig. 1 . Then if Eq. (1) is correct, the local temperature T (r) in the island is negative.
Formation of negative temperature in the island with negative e 00 (r) can be explained in the following way. When the island is formed, then immediately after formation one has the state with inverse filling of the particle energy levels, see Fig. 2 for the case of 1D relativisitic spectrum. This corresponds to the negative local temperature, T (r) < 0. Though in general the negative temperature state with inverse population is not in full equilibrium, in principle, it can be made locally stable, see e.g. Ref.
11. For the fermions, the crossing e 00 = 0 corresponds to the change of the Hamiltonian H → −H.
In Fig. 1 the change of sign of N occurs by crossing the boundary with infinite temperature, i.e. β(r) = 1/T (r) crosses zero. We assume the band structure of the fermionic vacuum, i.e. a finite energy cut-off to avoid divergencies. We also assume that at spatial infinity one has the equilibrium vacuum state with e 00 (∞) = 1. Of course, one can use at infinity another equilibrium degen-
Island of negative lapse function, N (x) = e00(x) < 0, where the metastable state with negative local temperature is formed, T (x) = T0/e00(x) < 0. The global Tolman temperature T0 is constant in space, T0 = const > 0. It is the temperature at infinity, where e00(±∞) = 1. In this scenario, e00(x) crosses zero, while and temperature T (x) crosses infinity. erate state of the vacuum with e 00 (∞) = −1 and correspondingly e 00 (r) > 0 in the island. In this case, instead of Eq.(2) one should use the equations N (r) = −e 00 (r) and T (r) = −e 0 0 (r)T 0 . Fig. 3 demonstrates the case, when e 0 0 (r) crosses zero instead of e 00 (r). In this case T (r) changes sign by crossing zero temperature. Such situation may take place in Weyl semimetals, where the inverse Green's function in the vicinity of the Weyl point is:
Here σ a are Pauli matrices with a = 0, 1, 2, 3; qA µ marks the positions of two Weyl points in k-space; and q = ±1 is the effective charge in synthetic electormagnetic field A µ . The tetrad element e 0 0 may change sign due to interaction between fermions.
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III. DISCUSSION
So, while the dynamics in the negative lapse region may correspond to the inverse arrow of time for fermions, 1 the thermodynamics in this region corresponds to the negative temperature. For 3+1d massless fermions, the thermodynamic energy density and the entropy density, assuming that far from the island there is Minkowski spacetime with e 0 0 (∞) = 1, are:
In the discussed approach of Eq.(2), the Tolman law for the chemical potential of relativistic fermions, µ(r) = µ 0 / g 00 (r), 13 is also modified: the local chemical potential µ(r) = e 0 0 (r)µ 0 changes sign in the island of negative lapse function, see Fig.4 .
For bosons, the positive and negative lapse functions are intistinguishable. However, if bosons are composite, i.e. made of fermions, they may inherit from the fermions the negative T (r) in the island, and thus they may distinguish the antispacetimes in the island via thermodynamics.
As is demonstrated in Ref. 7 on example of the Weyl superfluid, the action in terms of tetrads is non-analytic. For example, the action for the effective gauge field is shown to be proportional to √ −g = |det(e)|. This is contrary to the action proportional to det(e), which has been suggested in Refs. [8] [9] [10] . However, the nonanalytic behavior of the action takes place when the boundary is crossed between two equilibrium degenerate states with different signs of det(e) or N (r). But in both equilibrium states the temperature is positive, and the Tolman law is given by the nonanalytic equation (1) . The analytic action suggested in Refs. 8-10 can be restored in the case considered here, when the boundary is crossed between the equilibrium state with positive lapse N (r) > 0 and the nonequilibrium state in the island with negative lapse N (r) < 0 and negative T (r) < 0. In this case the Tolman law is the analytic function of N (r) in Eq.(2), as well as the action.
In Ref. 1 three alternatives to the problem of antispacetime were suggested: (i) Antispacetime does not exist, and det (e) > 0 should constrain the gravity path integral; (ii) Antispacetime exists, but the action depends on |det (e)|, rather than on det (e). (iii) Antispacetime exists and contributes nontrivially to quantum gravity.
Our consideration suggests that the antispacetime may exist with two possible realizations. The option (ii) takes place in case of full equilibrium both in spacetime and in antispacetime, and in this case the action is nonanalytic. 7 The option (iii) with the analytic behavior of the action takes place in the quasiequilibrium state with the negative temperature in the island.
Finally let us mention that Eq.(3) for the Weyl fermions can be written in a form, which does not contain the Planck constant :
Of course, if is a fundamental constant, one can choose units in which = 1. But in a similar manner as Weyl fermions, gauge fields and tetrad gravity emerge in the vicinity of the Weyl point, 4,14-16 the can also be the emergent quantity rather than the fundamental constant. In particular, it can be expressed in terms of tetrads. In the Schrödinger equation for massive particles, which is obtained as the nonrelativistic limit of Dirac equation with tetrad fields, the Planck constant emerges as the value of e 
In this case the transition to antispacetime is accompanied by a change in the sign of the Planck constant.
